LIE MONADS AND DUALITIES 



I. GOYVAERTS, J. VERCRUYSSE 



Abstract. We study dualities between Lie algebras and Lie coalgebras, and their respective 
(co)representations. To allow a study of dualities in an infinite dimensional setting, we 
introduce the notions of Lie monads and Lie comonads, as special cases of YB-Lie algebras and 
YB-Lie coalgebras in additive monoidal categories. We show that (strong) dualities between 
■ Lie algebras and Lie coalgebras are closely related to (iso)morphisms between associated Lie 

monads and Lie comonads. In the case of a duality between two Hopf algebras -in the sense 
of Takeuchi- we recover a duality between a Lie algebra and a Lie coalgebra -in the sense 
defined in this note- by computing the primitive elements and indecomposables. 
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Introduction and motivation 



< 

Lie coalgebras were introduced my Michaelis [T2] as a formal dualization of Lie algebras. In 
particular, if (L, A) is a finite dimensional Lie algebra over a base field k, than the dual vector 
space C = L* of L can be endowed in a natural way with the structure of a Lie coalgebra, 
defining the "Lie co-bracket" as the linear map T = A* : C = L* — > C <g> C = (L ® L)*, that 
satisfies an anti-symmetry and "co-Jacobi" relation. Conversely, any finite dimensional Lie 
coalgebra gives rise to a Lie algebra on its dual space in a canonical way. 
0\ ■ As for usual algebras and coalgebras, the passage to infinite dimensional vector spaces compli- 

cates the situation. If C is an infinite dimensional Lie coalgebra, then the dual space C* will 
again be a Lie algebra. On the contrary, for an arbitrary Lie algebra L, the dual space is L* 
no longer a Lie coalgebra. Rather, one should restrict to the finite dual L°, which was shown 
-again by Michaelis- to be a Lie coalgebra. However, as we know from general considerations, 
the finite dual L° is often too small to contain enough information to recover the complete 
space L. Hence, in many situations, another duality theory will be more appropriate. 
The recent revival of monad theory among Hopf algebraists has shown us an alternative 
approach to attack these kind of dualities [2], [I]. Indeed, given a (usual) algebra A over a 
base field k, one can associate to it the monad — ®A (tensor product over k) on the category of 
/c-vector spaces. As the endofunctor — ®A has a right dual Hom(^4, — ), this right dual naturally 
comes equipped with a comonad structure, without any finiteness condition on A. In fact, 
one makes the transition from algebras and coalgebras over the base field k to algebras and 
coalgebras in the monoidal category of endofunctors (on the category of vector spaces). The 
correct translation of "finite dimensionality" of vector spaces in the setting of endofunctors, 
is then nothing else than the existence of an adjoint functor; and a right adjoint functor for a 
functor of the form — (g) X on the category of vector spaces is guaranteed by the Hom-functor 
Hompf,-). 

Motivated by the above, our aim is to study a duality for Lie algebras and Lie coalgebras 
in such a setting. However, if we want to introduce a notion of Lie monad, we encounter a 
problem: the category of endofunctors is monoidal (in a canonical way), but not braided nor 
symmetric. Nevertheless, given a Lie algebra L or Lie coalgebra C in the category of vector 
spaces, one can define in a very natural way a "Lie monad" on the associated endofunctors 
— g) L and Hom(C, — ), by means of a local symmetry associated to the twist on the object L 
and C respectively. This leads us to the introduction of the notion of a YB-Lie algebra in an 
arbitrary additive monoidal category. 
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The notion of a YB-Lie algebra clearly covers the concept of a Lie algebra in a symmetric 
monoidal category, which in turn unifies several variations of classical Lie algebras, for example 
super Lie algebras. It is not our aim to go deeper into this aspect of the theory here. Instead, 
we refer the interested reader to the recent survey |10j . 

Our paper is organised as follows. After recalling some generalities on monoidal categories, 
we study YB-Lie algebras in Section [2j We introduce the category of Lie modules over a 
YB-Lie algebra and show that this is equivalent with the category of representations of the 
Lie algebra in case of a Lie algebra in a symmetric monoidal category. Furthermore, we study 
several functors and adjunctions associated to Lie modules. 

In Section [3] we briefly review the dual situation of YB-Lie coalgebras and Lie comodules and 
provide some examples. Section H] is devoted to the particular case of Lie monads and Lie 
comonads. More precisely, we show the bijective correspondence between YB-Lie algebras in 
an additive monoidal category and Lie monads of the form — ® L (see Proposition I4.4p as well 
as the bijective correspondence between Lie modules of a YB-Lie algebra and the (Lie version 
of the) Eilenberg Moore category of the associated Lie monad. 

In Section[5]we start our study of dualities. We introduce the notion of a duality between a YB- 
Lie algebra L and YB-Lie coalgebra C in a closed monoidal category. Proposition l5.2l shows the 
close correspondence between dualities for the pair (L, C) and morphisms between associated 
Lie monads — (g) L and Hom(C, — ), which also induces a functor between the corresponding 
(co)module categories. Furthermore, strong dualities are in correspondence with the fact that 
the associated Lie monad morphism is an isomorphism (Proposition 15. 6ft . and in this situation 
the (co) module categories are equivalent. 

It is well known that the primitive elements of a Hopf algebra form a Lie algebra. Similarly, 
the indecomposables of a Hopf algebra form a Lie coalgebra. Given a braided Hopf algebra, 
whose Yang-Baxter operator is of order two, we show in Section [6] that the primitive elements 
form a YB-Lie algebra in our sense, respectively the indecomposables form a YB-Lie coalgebra. 
Moreover, given two Hopf algebras that are in duality in the sense of Takeuchi, the associated 
YB-Lie algebra and YB-Lie coalgebra are in duality in our sense. Finally, we show that these 
dualities are in correspondence with module and comodule categories (see Theorem 16.9ft . 

1. Preliminaries 

Monoidal categories, braidings and symmetries. Throughout the paper we will work 
in a monoidal category C = (C, (g), I, a, I, r) with associativity constraint 

a : <g) o (<g> x l c ) ->• ® o (l c x (g>) 

and with left- and right unit constraints resp. I and r (lc denotes the identity functor on 
C). Often, if the context allows us, we will suppress the associativity and unit constraints. 
This will not harm the generality of our considerations, by Mac Lane's coherence theorem. In 
particular, all our results are applicable in situations where associativity or unit constraints 
are not trivial, and we will give explicit examples of these situations relevant in our setting 
below. Often we consider C moreover to be symmetric, and denote the symmetry by c 

Monoidal functors. A functor F : C —> T> between monoidal categories (C, <S>, I) and 
(P, 0, J) is said to be a monoidal functor if it comes equipped with a natural transforma- 
tion 4> X ,Y ■ F(X)QF(Y) -> F(X®Y), X, Y e C and a P-morphism (p : J -> F(I), satisfying 
suitable compatibility conditions with relation to the associativity and unit constraints of C 
and T>. Moreover, (F, (j>Q, <j)) is called a strong monoidal functor if <po is an isomorphism and (j> 
is a natural isomorphism; (F,(po,<f>) is called a strict monoidal functor (F, cf)Q, (j)), if 4>q is the 
identity morphism and (ft is the identity natural transformation. 

Dually, an op-monodial functor F : C — > T> is a functor for which there exists a morphism 
ipo : F(I) — > J in D and morphisms ipx,Y '■ F{X®Y) — > F(X)QF(Y) in V, that are natural in 
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X,Y G C, satisfying suitable compatibility conditions. Any strong monoidal functor (F, (f>o, (ft) 
is automatically op-monoidal: it suffices to take i/jq = (f)^ 1 and i\) = 

If C and T> are braided monoidal categories with braidings 7 and 7' respectively, then a braided 
monoidal functor F : C — > V is a monoidal functor such that Fjx.Y ^x,y = §Y,x Ifx fy ■ 
FX FY —■ F(Y <g) X). 

Of course, one has a canonical definition of a monoidal natural transformation between (braided) 
monoidal functors. 

Additivity. Throughout, C will be supposed to be an additive category, and the additive 
structure is compatible with the monoidal one in the usual sense, in particular (/ + g) ®h = 
f ® h + g ® h for morphisms /, g, h in C. 

For any two object X, Y in C, we denote the Horn-set from X to Y (which is supposed to be 
an abelian group) as Home (A, Y) or shortly by Horn (A, Y) if there can be no confusion about 
the category C. The identity morphism on X is denoted by lx or A for short. For any functor 
F : C — > V, we denote Id f the natural transformation defined by Id fx = Ifx- Although we 
avoid this for simplicity, most of the theory developed in this paper, can be easily extended 
to the setting of (^-linear) enriched categories (where k has a characteristic different from 2). 

Closedness. Recall that a monoidal category is called left closed if any endofunctor of the 
form — <S>A has a right adjoint. We will denote this right adjoint by H(A, — ). In this situation, 
for any three objects A, Y, Z in C, there is an isomorphism 

(1) tt^ z : Hom(y (g> A, Z) = Hom(Y, H(A, Z)). 
The unit and counit of the adjunction (— ® A, H(A, — )) are denoted by 

(2) r§ : Y -> H(A,Y A); e£ : H(A, Y) A -> K 

One can easily observe that for a fixed object Y in C, one also obtains a contravariant functor 
H(— ,Y) : C —¥ C sending A to H(A, Y). The functoriality comes from the fact that for any 
morphism / : A — > X', one can construct 

H(A,ef ) o H(A, H(X', Y) /) o rfi {x , >Y) : H(A', Y) -> H(A, Y) 

Based on this observation, one easily obtains that r/y , ey and vry^ are also natural in the 
argument A. 

Similarly, a monoidal category is called right closed if any endofunctor A ® — has a right 
adjoint, that we will denote in such a situation by H'(A, — ). A monoidal category is called 
closed if it is both left and right closed. A braided monoidal category is closed if it is left 
closed or if it is right closed. 

The following lemma shows that the adjunction ([T]) can in fact be lifted to an enriched ad- 
junction, considering C as a self-enriched category. We refer to (9j page 14] e.g. for a proof of 
this result. 

Lemma 1.1. Let C be a (left) closed monoidal category, and use notation as above. Then 
there also exist natural isomorphisms in C 

U^z : H(Y ®X,Z) = H(Y, H(A, Z)) 

Explicitly, one can compute II and II -1 in terms of r\ and e, by means of the following formulas 
(in the strict monoidal setting) 

(3) n£ z = H(Y,H(A,e^ x ))oH(Y,^ wz)0y )o^ wz) 

(4) (iK- 1 ))^ = H(Y®A,ef)oH(Y®A, e ^ (x>z) ®A)o^ H(x>z)) 
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Rigidity. An object X in a monoidal category is called left rigid if there exists an object X* 
together with morphisms coev : i" — > X ® X* and ev : X* ® X — > I such that 

(X <g) ev) o a -1 o (coev ®X)=X, (ev (8) X*) oao {X* ® coev) = X* 

It is easily verified that if X is left rigid, then the object X* is unique up to isomorphism. In 
this situation, we call X* the left dual of X and (X* , X, ev, coev) an adjoint pair in C. 
A right rigid object is defined symmetrically. Remark that if X is left rigid with left dual X*, 
then X* is right rigid with right dual X. A monoidal category is said to be left rigid (resp. 
right rigid, resp. rigid) if every object is left (resp. right, resp. both left and right) rigid. 
Another name for a rigid monoidal category is an autonomous (monoidal) category. If C is 
braided, then it is right rigid if and only if it is left rigid. If a category is (left, right) rigid, 
then it is (left, right) closed and H(X, -) ~ - <g) X* (resp H'(X, -) ~ X* <g> -). 

Generators. Recall that an object G € C is called a generator if and only if the functor 
Homc(G, — ) : C — > Set is fully faithful. If the category C has coproducts, this is furthermore 
equivalent with the fact that for any object X E C there is a canonical epimorphism fx'-H = 
II/G-+X C — > X, where the coproduct takes over a number of copies of G. Therefore, we find 
a fork 

9x f x 

(5) U( fl ,h) : G^H, st G Z£ LI f:G-+X G *" X 

fx°9=fx° h hx 

In general this diagram is not a coequalizer, but G is called a regular generator if ([5]) is a 
coequalizer for every X 6 C, see e.g. [91 page 81]. 

2. YB-LlE ALGEBRAS AND LlE MODULES 

2.1. YB-Lie algebras in additive monoidal categories. We will start by recalling the 
observation that symmetric monoidal categories are well-suited to consider cyclic permutations 
on copies of the same object. This result is not valid any longer on braided -rather than 
symmetric- monoidal categories. Consequently, the development of a theory of Lie algebras in 
a braided setting is a lot more involved than in the symmetric setting and leads to different 
possible treatments (see e.g. p3] and [H]). In this paper, we omit non-symmetric braidings, 
rather we allow a symmetry on an object to be a "local" gadget. 

Definition 2.1. Let L be an object in an additive monoidal category C and c:L®L— >-L(g>L 
a morphism satisfying the following conditions: 

(6) coc = L ® L; 

(7) aL,L,L ° (c <S> L) o a~l L L o(L®c)o ol,l,l ° (c ® L) 

= (L (g> c) o o,l,l,l (c <8> L) o a~l L L ° (L ® c) o a,L,L,L 

Condition (]7| is exactly the Yang-Baxter equation and ([6]) means that c is of order two. Hence 
we call a morphism c satisfying the conditions ©-([7]) a Yang-Baxter operator of order two for 
L. 

Example 2.2. If C is a symmetric monoidal category, with symmetry c_ 5 _, then cl ; l is a 
Yang-Baxter operator of order two for L. Obviously, cl,l satisfies conditions ©; to see that 
cl,l also satisfies flTJ), one applies the hexagon condition in combination with the naturality 
of c. 

Given an object L in C, together with a Yang Baxter operator c of order two as above, we can 
construct the following morphisms in C (compare to [5] section 5] for more details in case of 
Example E2J): 

t = t c := ol,l,l ° (c <8> L) o a£ )i)L o (L ® c); 
u> = w c := (L <g> c) o cil^l o (c <g> L) o a£ L L - 
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From these expressions one immediately gets that tow = wot = L. Let us prove the following 
elementary properties for these morphisms. 

Lemma 2.3. With notation as above, the following identities hold, 

(i) t o t = w; 

(ii) t o t o t = L. 

Proof, (i). This is exactly ([7]) after reshuffling and using the invertibility of c and a. 

(ii). Using now the equality t o t = w, we obtain inmediately that totot = tow = L. □ 

Remark 2.4. Consider again the situation of Example 12.21 Then we can take the symmetry 
cl l on any object L in the symmetric monoidal category C. We can construct the morphisms 
tc L L = t-L and w CLL = wl upon which the lemma above applies. However, for general 
braided monoidal categories this result is no longer valid, as one can see from the following 
counterexample : 

Let Vect Z2 (/c) denote the category whose objects are Z2-graded vector spaces over a field k 
(Char (k) ^ 2), and whose morphisms consist of /c-linear maps that preserve the grading. Let 
U,V,W be objects in Vect Z2 (fc). Now consider the following associativity constraint a for 
(unadorned tensorproducts ® are to be taken over k): 



au,v,w ■ (U ® V) ® W -> U ® (V ® W); 

(x ® y) ® z i-> (-l) |a ' lls/|l ^ l x ® (y g) z), 

where |x| denotes the degree of a homogeneous element x of an object in Vect 1,2 (k). 
Letting I, resp. r be the trivial left, resp. right unit constraints with respect to k, we obtain a 
(non-strict) monoidal category (Vect^ 2 (k), (g>fc, k, a, I, r) which we shall denote by C. Moreover, 
C is a braided monoidal category if and only if k contains a primitive fourth root of unity i 
(see [3] for example). A braiding c can then be defined as follows; for any couple of objects 
(V,W)mC, 

cv,w :V ®W ®V]v ®w ^ (i)^ w \w <g> v. 

One now checks easily that ©, and hence Lemma 12.31 does not hold for c = cyy for any 
object V in C, with c defined as above. 

Definition 2.5. Let C be an an additive, monoidal category, but not necessarily symmetric. 
A YB-Lie algebra in C is a triple (L, A, A), denoted L for short if there is no confusion possible, 
where L is an object of C, A is a Yang-Baxter operator of order two for L in C, and A : L®L — > 
L is a morphism (which we call - despite our notation - a Lie bracket) in C that satisfies 

(8) Ao(l mL + X) = Q mL)L , 

(9) A o (1 L (g) A) o {l m{mL) + t A + w\) = Q L ®(L®L),L- 
and is such that the following diagram commutes: 



(10) 



L ® L ■ 



tx°a,L,L,L 



L 



L 



(L <g> L) 

LtgiA 

L 



A morphism of YB-Lie algebras <j) : (L,,A,A) — > (L',X',A') is a morphism 
respects the Lie-bracket, and the Yang-Baxter operator i.e. 

(11) A' o (0 ® 4>) = </>oA; 

(12) \'o{4>®(j)) = (0®0)oA 



: L — > L' that 
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The category of YB-Lie algebras in C and morphisms of YB-Lie algebras between them is 
denoted by YBLieAlg(C). 

Suppose now that C is an additive, symmetric monoidal category. A Lie algebra in C is a 
YB-Lie algebra in C of the form (L, cl,Li A), where cl l is the symmetry of the category C. 
The full subcategory of YBLieAlg(C) whose objects are Lie algebras in C, is denoted by 
LieAlg(C). Remark that a morphism between two Lie algebras automatically satisfies con- 
dition (|12p . by the naturality of the symmetry c 

We call ([9]) the (right) A-Jacobi identity for L. As for usual Lie algebras, the definition of a 
YB-Lie algebra is left-right symmetric. This result follows from the following lemma that is 
easy to prove, an explicit proof can be found in |7j. 

Lemma 2.6. Let (L,A,A) be a YB-Lie algebra in C. Then L also satisfies the left \-Jacobi 
identity, that is the following equation holds: 

A o (A <g> 1 L ) o a^} L L o {l L ® {mL ) + t\ + w\) = Ol®(l®l),l- 

Examples 2.7. The notion of a YB-Lie algebra covers many known classes of (generalized) 
Lie algebras, such as: classical Lie algebras over an arbitrary commutative ring R (working in 
the symmetric monoidal category Mod(-R)), Lie superalgebras (working in the monoidal cate- 
gory of Z2-graded vector spaces, considered with the non-trivial symmetry) and certain classes 
of Horn-Lie algebras (applying the Horn-construction on an additive symmetric monoidal cat- 
egory, see [5] for more details about this non-strict example). For more details about the 
examples above, we refer to [TJ. It also covers the theory of Lie monads (working in a (non- 
symmetric) monoidal category of additive endofunctors on an additive category) -treated in 
more detail in Section 14.11 - and in Section 16.11 the YB-Lie algebra of primitive elements of a 
braided bialgebra is constructed. 

Finally, one observes that if (L, A, A) is a Lie algebra, then (L, A, A o A) is again a YB-Lie 
algebra, which we call the opposite Lie algebra of L. 

2.2. Lie modules. Let (C,®, I,a,l,r) be an additive, monoidal category and let (L, A, A) be 
a YB-Lie algebra in C. 

Definition 2.8. A right Lie module over L is an object X in C, together with a morphism 
q : X (g> L — > X satisfying 

(13) q o y(g <g> L) a a^} L L - (g <g> L) o a^ L L o (X ® A) - X A^j = O x ®(l®l),x- 
Left Lie modules can be introduced symmetrically. 

Example 2.9. Let (L, A, A) be a YB-Lie algebra in C. Then L is a Lie module over itself 
(with g = A). One easily gets (|13p from the Jacobi identity and antisymmetry. 

Definition 2.10. Let (X, qx) and (Y, qy) be two right Lie modules in C. A morphism of Lie 
modules is a morphism / : X — > Y s.t. the following diagram commutes 

X ® L — X 



f 



Y®L^Y 

The set of all morphisms of Lie modules from X to Y is denoted by LHom(X, Y). Then, with 
these definitions, Lie modules in a monoidal category C together with their morphisms form 
a category, which we will denote by LieMod(L) (whether we consider left or right modules is 
supposed to be clear from the context). 

Remark 2.11. If L is a Lie algebra in a symmetric monoidal category, then the category of left 
Lie modules over L and right Lie modules over L are isomorphic. 
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Definition 2.12. Let C be an additive, symmetric closed monoidal category. A representation 
of a Lie algebra (L,Al) is a pair (A, (fix), where X is an object of C and (fix '■ (L,Al) — > 
(H(A, X), A H (x,x)) is a morphism of Lie algebras, where An(x,x) is the commutator Lie 
bracket, defined as follows: A H( x,x) = m H (x,X) ~ ™H(X,X) ch(x,x),H(X,X)> with 

m H{x ,x) = ^(xx)»H(x,x),x( e x ° (H(A, X) <g> e^)). 



Morphisms are defined as follows: Let (X,(fi x ) and (Y,(fiy) be two representations of (L, K£) 
and let / : X — > Y a morphism in C. Then / is a morphism of representations if the following 
diagram commutes 

L ® X ^H(X,X)®X^X 



The category of representations of L is denoted by Rep(L). 

Proposition 2.13. Let L be a Lie algebra in a symmetric closed monoidal category. There 
is an equivalence of categories between the category of (left) Lie modules LieMod(L) and the 
category of representations Rep(L). 

Proof. We define a functor F : LieMod(L) — > Rep(L) as follows: 

F(X, ex ) = (X,4> x = 7rl x (gx)), 

for any (left) Lie module (X, gx), and F acts as the identity functor on morphisms. By 
naturality of e_ , we have ^xi^L x(s^) ® X) = gx- Applying this together with the naturality 
of 7T, one can check that F is well-defined. 

Conversely, consider the functor G : Rep(L) — > LieMod(L) defined for any object (A, (fix) of 
Rep(L) as 

G(X, (fix) = (A, g x = ^lx)~\<Px)), 
and G is the identity on morphisms. To see that G is well-defined, it suffices to make use of 
the naturality of c, and vr^"^) -1 . 

Finally, it is clear that (G, F) is pair of adjoint functors with trivial unit and counit (i.e. 
identical natural transormations) , hence they establish the desired equivalence of categories. 

□ 

2.3. Adjoint functors for Lie modules. Example 12.91 leads to the following 

Proposition 2.14. Let (L, A, A) be a YB-Lie algebra in an additive monoidal category C and 
(M,gM) a Lie module. Then there is a functor 

-®M:C^ LieMod(L). 

In particular, there is a functor 

-®L:C^ LieMod(L). 

Proof. Let X be any object of C, then the Lie module-structure on X <8> M is defined by 

Qx®M = X ® qm . It is easily checked that this indeed defines a functor. 

Applying this for the Lie module (L, A), we obtain the functor □ 

A natural question that arises is whether these functors have a right adjoint. To obtain this 
result, we need to shift our setting towards closed monoidal categories. In the remaining of 
this section, we wil suppose that C is an additive, left closed monoidal category. 
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The proof of the following theorem is based on the observation that the set of morphisms 
between L-Lie modules can be expressed as the following equalizer: Let (M, qm) and (N, qn) 
be two L-Lie modules, then we have the following equalizer in Ab 

(—)°qm 

LHom(M, N) ^ Hom(M, N) i Hom(M ® L, N) 

To obtain a right adjoint for the functor of Proposition 12,141 we need to lift this equalizer to 
the category C. 

Theorem 2.15. Suppose that C possesses equalizers. Then the functor — ® M : C — > 
LieMod(L) has a right adjoint LH(M, — ), given by the following equalizer in C 

W H(M%, N ( e N°(MM,N)®eM)) 

(14) LH(M, N) >- H(M, N) - * H(M(Z L, N) 

for any Lie module (N, qn)- 

Proof. We have to proof that there is a natural isomorphism LHom(AT(g)M, N) = Hom(X, LH(M, N)) 
for any object X € C and any L-Lie module (N, qn). 
Consider the following equalizer in Ab : 

LHom(X ® M, N) Hompf ® M, N) r Hom(X ®M®L,N) 

QN°((-)®L) 

Recall (cf. e.g [U Proposition 2.9.4]) that a representable functor preserves all limits. Hence 
if we apply the representable functor Hom(X, — ) on the equalizer (|14p defining LH(M, N), we 
obtain the following equalizer in Ab : 

«^V),iv(^°(lH( M ,iV)® e M)))* 

Hom(X, LH(M, N)) ^ Hom(X, H(M, N)) ; Hom(X, H(M <g> L, AT)) , 

where (— )* denotes Hom(X, — ). We know that vrJSf^ and Trjjf?}- respectively provide iso- 
morphisms between the last two objects in the above two equalizers. Or aim is now to 
show that these isomorphisms induce an isomorphism between the respective equalizers. Take 
/ e Hom(J ® M, N), then we find 



<\m,n),n^n o (H(M,iV) ® q m )) o Trf^f/) 



7T 



M ^ o (H(M, AT) ® QM ) o (vri^(/) ® M ® L)) 



X,7V 



7T^X(/°(^®^M)) 



where we used the naturality of vr^T in the first equality and the naturality of the tensor 



product in the second equality and the naturality of e^f in combination with the fact that 
e x®M ° (Vx ® M) = lx®M and t^xn = H(M, /) o 77^ in the last equality. 
A similar computation shows that 



7T 



xT (/ ® L )) = o (e# ® L)) o vr^( f). 



Now, by the uniqueness of the equalizer, we obtain a natural isomorphism LHom(AT®M, A 7 ') = 
Hom(X, LH(M, A")), which shows the adjunction between - <g> M and LH(M, -). □ 
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Construction 2.16. The commutator Lie algebra Let (B,ps) be a (non-unital) associa- 
tive algebra in C. We say that B is a YB-algebra if it comes equipped with a self-invertible 
Yang-Baxter operator Xb : B <S) B —¥ B ® B that satisfies the following condition 

(15) B®B®B — ^B(g>B®B — ^B®B®B 



B<S>B ^B®B ^B®B 

A_b Ab 

The category of YB-algebras in C is denoted by YBAIg(C). Then there is a functor 

C : YBAIg(C) -> YBLieAlg(C) 

that sends any YB-algebra (B,{j,b,^b) to the YB-Lie algebra (B,Ab,Xb) with commutator 
Lie-bracket Ab = \xb ° (B <g) B — Xb). 

Let us fix a YB- Algebra B and denote the category of (right) U-modules (M, pm), (pm being 
the right action of B on M) by Mod(-B). Then we can define a functor 

Ind(-) : Mod(B) ^ L\eMod{£(B)) 

by putting jnd(M, pm) = (M,qm = Pm)- The fact that lnd(— ) is well-defined follows from 
the (mixed) associativity of the (right) action of B onto any (right) i?-module. Remark that 
because of this, a YB-algebra B always possesses two £(-B)-Lie module structures: one by its 
commutator Lie-bracket, and one by its initial (associative) multiplication. 
We will search for an adjoint for the functor Ind . However, we will work in a more general 
setting. Let (L,A,A) be any YB-Lie algebra and B an associative algebra. Let (T,qt) be a 
L-Lie module that is at the same time a left -B-module with action m : B <g> T — > T such that 
m is a morphism of L-Lie modules, where the L-Lie module structure on B ® T is given by 
B <S> Qt, i-e. it is the structure induced by the functor — <g> T of Proposition 12.141 evaluated in 
B. This means that the following diagram commutes: 

(16) B®T®L meT > B®T 

T®L — 



Qt 

Then there is a well-defined functor 

- ® B T : Mod(5) -»■ LieMod(L). 

In case we take L = C(B), and (T, qt) = (B,/ib) with the regular left 5-action, then we find 
that this functor is exactly Ind . Before stating the next theorem, we need two little lemmas: 

Lemma 2.17. Suppose C to be complete and let B be an associative algebra in C. Then the 
forgetful functor IA : Mod(-B) — > C reflects limits. 

Proof. As C is complete, we know that Mod(i?) is complete as well (see e.g. [151 Fact 2]). Now, 
we observe that IA preserves limits, since it has a left adjoint — B. Finally, we also have 
that IA reflects isomorphisms. The lemma now follows from e.g. [U Proposition 2.9.7]. □ 

We are now ready to proof the following 

Theorem 2.18. Suppose that C is an additive, left closed monoidal category with equalizers. 
Let (L, A, A) be a YB-Lie algebra in C, B an associative algebra in C, (T, qt) a L-Lie module 
that is a left B-module with action m such that U6\) commutes. Then then the functor LH(T, — ) 
from Theorem \2.15\ can be corestricted to obtain a right adjoint to the above defined functor 

- ® B T : Mod(B) LieMod(L). 
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Proof. Let (M,g M ) be an object in LieMod(L). Define LH(T, (M, qm)) = (LH(T, AT), p M ), 
with 

p M = LH(T,Cm o (LH(T,M) ® m)) o 9 lh{t>M )®b, 
where 9 X ■ X -> LH(T, X <g> T) is the unit and Cm : LH(T, M) ® T -> M the counit of the 
adjunction between — (g) T and LH(T, — ) from Theorem 12.151 Then it follows smoothly, from 
naturality and the fact that m is a left l?-action on T, that pu defines an associative and 
unital right .B-action. 

To prove the adjunction, we need to prove that we have an isomorphism of abelian groups 

LHom(M ® B T,N) ^ Hom B (M, LH(T, N)), 

whenever (N,qn) € LieMod(L) and (M,pm) G Mod(B). To this end, we use a similar argu- 
ment as in Theorem 12. 151 First, remark that Lie module homomorphisms from M (&b T to N 
can be characterized as the following equalizer in Ab : 

LHom(M ® B T,N) ^ Hom(M® B T, N) i Hom(M ® B T ® L,N) . 

Next, we consider the following equalizer in C: 

^H{TN) Jv( e ^°( id H(T,iV)®S(?T)) 

(17) LH(T, N) >» H(T N) — ' % H(T(g) L, /V) , 

where 7r and e denote as before the (natural) isomorphisms associated to the adjunction 
between — <g>T and H(T, — ). We know from the first part of the proof that LH (T,N) is moreover 
a right -B-module. In a similar way, classical arguments of enriched category theory tell us that 
H(T,N) and H(T®L, N) are right -B-modules (we even have an adjunction (— <8>bT, H(T, — )) 
between Mod(B) and C). Hence, (]17p is an equalizer in Mod(-B) by Lemma 12.171 We can 
thus apply the representable functor Horns (M, — ) to this equalizer, to obtain the following 
equalizer in Ab. 

( T H(tV) N ( e Jl°( id H{T,N)®BeT))) 

Hom B (M,LH(T, N)) *~ Hom B (M,H(T, N)) ' > Hom B (M, H(T ® L,N)) 

To conclude the proof, it now suffices to observe that by the adjunction (- ®g T, H(T, — )), 
we have isomorphisms Hom(M(g) J B T,N) = Home (M, H (T, N) ) and Hom(M <g> s T ® L, iV) = 
Horri£(M, H(T (8) L,N)), which implies that the above constructed equalizers in Ab are iso- 
morphic. □ 

As a particular instance of Theorem l2.18l we find that the functor Ind : Mod(S) — > LieMod(-B), 
being naturally isomorphic to —®bB, has a right adjoint LH(i?, — ). Moreover, we obtain the 
following diagram of adjoint functors for any right i?-module (T,pr)- 




Mod(B) ' LieMod(£(5)) 

|nd~-(g) S B 

Here we denote T = |nd(T), the induced L-Lie module of T and the functor Hb(T, — ) : 
Mod(i?) — > C is the internal representable functor defined by the equalizer for all (X,px) G 
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Mod(£) 

7r H(T S X).x( £ X°( 1 H(T,X)®PT)) 

H B (T, X) ^ H(T, X) l H(T ®B,X), 

<fT S X).x(^°(4^)) 

which is known to be a right adjoint for - T : C ->■ Mod(J3). Clearly ]nd(X T) = X T, 
so the outer triangle in the above diagram naturally commutes. To see that the inner diagram 
of functors also commutes, take any object X in LieMod(£(i3)) and Y in C. By applying the 
adjunctions above, we then find 

Hom(Y,H B (T,LH{B,X))) ^ Hom B (Y T, LH(5, X)) LHom(lnd(Y B), X) 

^ LHom(T 0T,X) = Hom(Y, LH(T,X)) 

So by the Yoneda lemma, we find a natural isomorphism H#(T, LH(i?,X)) = LH(T,X). 



3. YB-LlE COALGEBRAS AND LlE COMODULES 

Let (C, 0, 1) be an additive, monoidal category. YB-Lie coalgebras in C are defined dually 
to YB-Lie algebras, i.e. we define the category YBLieCoAlg(C) of YB-Lie coalgebras in C as 
YBLieCoAlg(C) = YBLieAlg(C op ) op . If C is moreover symmetric, we define Lie coalgebras in C 
by LieCoAlg(C) = LieAlg(C op ) op . Here C°p = (C°p,0°p,J) denotes the opposite category of C 
and op : C op x C op — > C op the opposite tensor product functor induced in the obvious way by 
0. Explicitly, this leads to the following definition, which is due to Michaelis in the symmetric 
case (cf. [12]). 



Definition 3.1. A YB-Lie coalgebra in C is a triple (C, 7, T), denoted C for short if no 
confusion can be made, consisting of an object C in C together with a self-invertible YB- 
operator 7:C0C— >C0C and a comultiplication map T : C — > C C such that 

(1) T + 7 o T = Oc,c®c; 

(2) (tc^ctsc) + ^7 + h) (lc T) o T = Q c ,c®{c®cy 
and is such that the following diagram commutes: 

C0C >c®c 



T<g>C 



C (C C) (C C) C 

a C,C,C ou, 7 

In case that C is moreover symmetric, then we call a YB-Lie coalgebra of the form (C, ccc, T), 
where cc,c is the symmetry of C, just a Lie-coalgebra. 

For the sake of completeness, let us write down the following 

Definition 3.2. A Lie comodule over C is an object X in C, endowed with a morphism 
5 X : X X ®C satisfying 

{ax,c,c o (5 X C) - (X 7) o ax,c,c ° C) - X o 5 X = O x ,x®(c®c)- 

Morphisms of Lie comodules are definied in the obvious way. The category of Lie comodules 
over C with their morphisms will be denoted by LieCoMod(C). 

All statements and theorems of the previous section have obvious duals for Lie coalgebras and 
Lie comodules. There is no point in repeating these explicitly. Let us just finish this section 
by mentioning some examples (see also |12j for Example l3.3l (1).(2) and (4)) of Lie coalgebras 
that will be useful later on. 
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Examples 3.3. (1) Let (C, Ac) be a coassociative coalgebra in an additive, monoidal 
category C and suppose there is a self-invertible Yang-Baxter operator 7 : C ® C — > 
C ® C on C, such that an analogeous version of the diagram (115p commutes, then 
we can consider a YB-Lie coalgebra structure on C C (C) = C, defined by T^c^ = 
(C®C-7)oA c . 

(2) Let H be a Hopf algebra in Vect(fc). Let / = Ker(e), with e the counit of H, and 
let us denote Q(H) = I/I 2 , the so-called indecomposables of -ff. Then Q(H) is a Lie 
coalgebra, where the cobracket comes from A^c^ H y To see that this is true, let us first 
check that A.c c {H) : I I ® I is well-defined. Indeed, since 

lm (A £ c (/) ) c Ker (e ® l H ) n Ker (1 H ® e) = (J ® iT) n (ff ® I) = J ® I, 

where we denoted A-c c (i) the restriction of A-c c (H) to ^- Moreover, A.mj\ maps I 2 
into I 2 ® I + I ® I 2 , so the map 

A^ : J// 2 -> / ® I /(I 2 ® / + / ® / 2 ) /// 2 ® J// 2 

is well-defined and turns Q(H) into a Lie coalgebra. Let us point out that dually to 
the Lie algebra case, Q(H) can be described as the following coequalizer 

H®H ^ I H »- Q(H) 

e®H+H®e 

Let us remark that the construction of indecomposables in terms of a coequalizer 
as above, allows to perform this construction in any category with sufficiently well- 
behaving coequalizers. We will come back to this in Section [6.11 

(3) The next example is closely related to the previous one. Let H be again a Hopf algebra. 
Consider the space X C H consisting of all x such that 

(18) (f*g)(x) = f(x)+g(x), 

where /, g € H* and * is the convolution product. Then one can compute that the 
comultiplication restricted to X is cocommutative (that is r o A = A on all elements 
of X, where t : H H — > H ® H is the switch map). Indeed: consider a base {e^} for 
X, then x = ^2 o>%&%-, A(x) = Yl a>ij&i ® Now apply condition (fT8j) for the dual base 
elements f = e* and g = elj , then one finds that dy = a« + Oj . The cocommutativity 
now follows. We consider the quotient space C = H/X. Since X is cocommutative, 
the map T = A — to A is well-defined on C. One can now check that (C, T) is a 
Lie-coalgebra. Let us call C the Lie coalgebra of coprimitives. Moreover, there is a Lie 
coalgebra morphism 

C^Q(H); h^h-r](e(h)) 

(4) Let L be a finite dimensional Lie A>algebra. Then its dual space C = L* can be endowed 
with the structure of a Lie coalgebra, by putting T : L* — > L* ® L* = (L ® L)*\ the 
dual map of the Lie bracket. Similarly, if L is a YB-Lie algebra, then C is a YB-Lie 
coalgebra with 7 = A*. Conversely, if C is any Lie coalgebra (or YB-Lie coalgebra), 
even infinite dimensional, then its dual space C* becomes a Lie algebra. We will treat 
this in more detail in Section [5j 

(5) Let A be any additive category, and End (A) an additive, monoidal category of additive 
endofunctors on A and natural transformations between them. We will call a YB-Lie 
coalgebra in End (.4.) a Lie comonad on A, see Remark 14.71 

4. Lie monads and comonads 

4.1. Lie monads. We already introduced Lie monads in Example 12.71 as YB-Lie algebras in 
a category of additive endofunctors on an additive category, let us restate the definition in 
explicit form. 
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Definition 4.1. A Lie monad on an additive category C is a triple (L, A, A), where L : C — > C 
is an additive functor, A:LoL— 7-LoLisa natural transformation satisfying the self-invertible 
Yang-Banxter equations 

(19) A o A = Id 

(20) (ld L *A)o(A*ld L )o(ld L *A) = (A * Id L ) o (Id L * A) o (A * Id L ) 
and A:LoL— 7>Lisa natural transformation satisfying the following conditions: 

(21) Ao(ld LoL + A) = L oL,l 

(22) Ao(A*ld L )o(ld L oLoL + iA + w A ) = L oLoL,l 

where t\ = (Id l * A) o (A * Id l), w\ = (Id l * A) o (A * Id l), and is such that the following 
diagram commutes: 

A*ld l 



(23) 



L o L o L 



Id l*A 



LoL 



L o L o L 

Id l*A 

L o L o L 

A*ld l 



£ : (L, A, A) — > (L',A',A') is a morphism of Lie monads on C if £ : L — > L' is a natural 
transformation satisfying the two following two conditions: 

• A' x o((* () x = ( x oA X 

• *'x (C * Ox = (C * Ox ° Ax, 
whenever X is an object of C. 

Lie monads and their morphisms form a category which will be denoted LieMnd(C). 
A first elementary example of a Lie monad is the following. 

Example 4.2. Let C be an additive monoidal category and (L, Al, Al) be a YB-Lie algebra 
in C. Then we have that (— g) L, A, A) is a Lie monad on C, where A and A are defined on 
any object M in C as follows: 

\ M :=M®\ L : M®L®L^rM®L®L 

A M := M <g> A L : M <g> L(g> L -> M <8> L 

This is easily checked by using the antisymmetry and Jacobi-identity of Al in C. The condition 
(I23D is also satisfied; it is condition ()10p . combined with the naturality of the associativity 
constraint a. Recall from Example 3.10] that the underlying reason for this example to 
work is that the functor End : C — >■ End(C) sending an object X in C to the endofunctor — <8> X 
is a strong monoidal functor. 

This leads to the following. 

Proposition 4.3. Let C be an additive monoidal category. Then there is a functor 

Mnd : YBLieAlg(C) -> LieMnd(C). 
Proof. Let (L,Al,Al) be a YB-Lie algebra in C, then 

Mnd((L,A L ,A L )) = (-®L,A,A), 
where A and A are as defined in Example 14.21 

Now, whenever / : (L,Al,A^) — > {L 1 , Xl' , Al 1 ) is a morphism in YBLieAlg(C), Mnd ( f ) is the 
natural transformation from —®L to —<S)L', defined for any object X in C as Mnd ( f) x = X®f. 
It is easily verified that this defines a morphism in LieMnd(C), using subsequently the facts 
that / preserves the Lie-bracket and the Yang-Baxter operator. □ 
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The following provides a partial converse of Proposition 14.31 

Proposition 4.4. Let C be an additive monoidal category. Suppose that the unit object I is a 
regular generator and that the endofunctors — ® X and X ® — preserve colimits in C for any 
object X in C. Let L be an object in C. 

If (~ ® L, A, A) is a Lie monad on C then (L, Xj,Aj) is a YB-Lie algebra in C. 

Moreover, there is a bijective correspondence between YB-Lie algebra- structures on L and Lie 

monad- structures on the endofunctor — ® L. 

Proof. Using the fact that / is a regular generator, one proves that Xj ® X ~ \i®x and 
Ax® A ~ Aj^x for all objects IgC. Applying this fact, one easily verifies the antisymmetry 
and Jacobi identity for the Lie monad — ® L from the corresponding properties for the YB-Lie 
algebra L. 

For the last statement, one needs to verify that the construction of Proposition 14.31 together 
with the construction above leads to the bijective correspondence. This is a typical computa- 
tion, see e.g. |17} Theorem 1.11] for a similar case. □ 

The second class of generating examples of Lie monads is provided by Lie coalgebras. 

Example 4.5. Let C be an additive, left closed monoidal category and (C, 7c,Tc) be a 
YB-Lie coalgebra in C, then (H(C, — ),7, Y), with 7 and T defined on any object M by the 
following diagrams (here the maps 11^ M are the isomorphisms from Lemma II. ip 

H(C, H(C, M)) — — ^ H(C, H(C, M)) 

\ C,MJ il C,M 
v H(7c,A/) 

H(C ® C, M) — H(C ® C, M) 

H(C,H(C,M)) — H(C, M) 

(T C ,M) 

H(C® C, M) 

is a Lie monad. Indeed, it is easily checked that H(C, — ) is additive and the antisymmetry 
and Jabobi identity for the Lie monad are verified using the corresponding properties of 
and 7c- 

Similar to Proposition I4.3[ we obtain the following 

Proposition 4.6. Let C be an additive monoidal category. Then there is a functor 

Mnd ' : YBLieCoAlg(C) -> LieMnd(C). 

Remark 4.7. Dually to all Definitions and Theorems above, one can introduce and study Lie 
comonads on additive categories. All Lie comonads form a category LieCoMnd(C). Without 
mentioning all details explicitly, let us just mention (as this will be used in the sequel) some 
notation. 

Let (C, 7c, Tc) be a YB-Lie coalgebra in C. One has a Lie comonad (C ® — , 7, T), defined in 
the obvious way. Letting (L, Ax,, Ax,) be a YB-Lie algebra in C and provided C is right closed, 
one also has a Lie comonad (H'(L, — ), A, A). This then induces functors 
CMnd : YBLieCoAlg(C) LieCoMnd(C) and CMnd ; : YBLieAlg(C) -> LieCoMnd(C). 

4.2. The Eilenberg-Moore category of a Lie monad. Let (L, A, A) be a Lie monad on 
an additive category C. We construct the category of Eilenberg-Moore-Lie objects EML(L) 
whose objects are couples (X, Qx), where X is an object and qx ■ LA — > X is a morphism in 
C such that 

(qx o Lqx) o (Illx - Ax) - Qx Ax = Ollx,x- 
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The morphisms of EML(L) are morphisms / : X 

ex 



LX 
LY 



QY 



-7- Y in C such that 

X 

J 
Y 



The constructions of Lie monads out of YB-Lie algebras as in the previous section correspond 
nicely with the notion of the Eilenberg- Moore category. 

Proposition 4.8. Let (L,\l,Al) be a YB-Lie algebra inC. Then there is a functor 

MND L : LieMod(L) -> EML(Mnd(L)), 

which is an equivalence of categories. 

Remark 4.9. Let (C,*y, T) be a Lie comonad. Then one can introduce in the canonical way 
the category of Eilenberg-Moore-Lie objects for this Lie-comonad. Furthermore, if C is a 
Lie coalgebra, then dually to Proposition 14.81 we find a functor CMNDc : LieCoMod(C) — > 
EML(CMnd(C)). If L is a Lie algebra, then we also have a functor CMND' L : LieMod(L) -> 
EML(CMnd'(L)). 

5. Dualities between Lie algebras and Lie coalgebras 

5.1. Michaelis pairs. Troughout this section, let C be an additive, closed (strict) monoidal 
category. 

Definition 5.1. (1) A Michaelis pair (L,C, ev) consists of a YB-Lie algebra (L,Xl,Al), a 
YB-Lie coalgebra (C,7c,Tc) and a morphism 

ev : L ® C ->• I 

in C that renders commutative the following diagrams 

L®L®T C L(giev®C 



(24) 



and 



(25) 



L®L 
Li 

L®Le. 
L®Le. 



C 



L®L®C®C 



L®C 



C 



c®c- 



L®L®C®C 



L(g>ev®C 



L<g)C ■ 



L®C 



I 



The morphism ev is called a duality between L and C; the set of all dualities between L 
and C is denoted by Dual(L,C). 
(2) A morphism between two Michaelis pairs is a couple (4>,ip) : (L, C, ev) — > (L',C,ev'), 
where : L — » L' is a YB-Lie algebra morphism and ^ : C" — > C is a YB-Lie coalgebra 
morphism rendering the following diagram commutative 



(26) 



L®C 



L®C 



<f»S>C' 



(3) Michaelis pairs and their morphisms form a new category M_ich(C). 
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Let (L, C, ev) be a Michaelis pair. Then using the adjunction properties Hom(X®L® C, X) ~ 
Hom(X ® L,H(C,X)) and Hom(L ® C ® X, X) ~ Hom(C ® X, H'(L, X)), we can associate to 
the Michaelis pair two morphisms that are natural in X, as follows: 

(27) (x = H(C, X ev) o r/^ 0L :I®L^H(C,I) 

(28) X = H'(L, ev ® X) o v '^ x : C ® X ->■ H'(L, X) 

where 77 (respectively r/') denotes -as before- the counit of the adjunction associated the left 
(respectively right) closedness of C. Using notations of the previous section and denoting all Lie 
monad morphisms Hom( Mnd (L), Mnd '(C)) and Lie comonad morphisms Hom(CMnd(C), CMnd'(L)), 
we now have the following result: 

Proposition 5.2. Let (L,A,A £ ) be a YB-Lie algebra and (C, 7, T) be a YB-Lie coalgebra in 
C. 



(i) There are maps 



Dual(L, C) , Hom(Mnd(L), Mnd'(C)) 



such that /3 o a = lDuai(L,c)- Moreover, if I is a regular generator, then a o j3 

lHom(Mnd(L),Mnd'(C)) ■ 

(ii) There are maps 



Dual(L,C) ; Hom(CMnd(C), CMnd'(L)) 

/3' 



such that f3' o a' = louai(L,c)- Moreover, if I is a regular generator, then ot o {$' = 

lHom(CMnd(C),CMnd'(L)) ■ 

Proof. (i)a. Let ev be a duality between L and C. We define a(ev) = ( as in (|2"7|) and use 
notation as in Example 14.21 and Example 14.51 for Mnd (L) and Mnd'(C). Then £ will be a 
morphism of Lie monads if and only if for any object X € C, 

~*x (C * C)x = Cx Ax, 7x (C * Ox = (C * Ox A x . 

We only prove the first identity, the second one follows by a similar computation. We can 
compute 

Tx o (C * C)x = H(T C , X) o (ng^n 1 ° H(C, H(C, X ® ev)) o H(C, r?^ L ) o H(C, X ® L ® ev) o r?£^ L 

= H(T C , I)oH(C®C,l0ev)o (ng^sc) -1 H(C, r?£ 0L ) oH(C,I®L®ev)o n % mL 

= H(C,I® ev) o H(T C , X ® L ® C) o (ng^^c) -1 H(C, 17^) oH(C, X ® L ® ev) o r?^^ 
v „ ' 

Let us first compute the underbraced part separately, then we find, using @ 
H(T C , X ® L ® C) o (Ilg^^c)- 1 o H(C, 77^) 
= H(T C , X®L®C)oH(C®C, e£ 0i0C o (e£ (CjX0L5$c) ® C)) o V^ c °H(c,x®mc)) H (C' ^l) 
= H(T C , X ® L ® C) o H(C ® C, e£® L0C o (e£ (CjX0L5$c) ® C) o (H(C ® C, ??x®l) ® C <8> C)) o r,^ X9L) 
= H(T C , X ® L ® C) o H(C ® C, e£ 0L ®c o (77^ ® C) o (e x ^ L ® C)) o r£®% L) 
= H(T C , X ® L ® C) o H(C ® C, e£ 0L ® C) o ^{g^ 

H(C,X<g>£) 



H(C, e^ L ® C) o H(T , H(C, X ® L) ® C ® C) o ^g 7 ^ 
H(C, e^ L ® C) o H(C, H(C, X ® L) ® T c ) o 77ft 



LIE MONADS 17 

All equalities follow by naturality and adjunction property of closedness, in particular the last 
equality follows by the naturality of rj in the upper argument. We can now continue 

° (C * Ox 

= H(C, X ® ev) o H(C, e£ 0i ®C)oH(C,H(C,I®I)®T c )o ??h(c,x®l) ° H(C, X ® L ® ev) o 7$® igl£ 

= H (C, (X ® ev) o (e% L ® C) o (H (C, X L) ® T c ) o (H (C, X L ev) ® C) ) o J7h(C,x®l®l®o ??x®l®l 

= H(C, (X®ev) o (X®L®ev®C) o (e£® L ® Lg)C ® C) o (H(C, X ® L ® L ® C) ® T c ) o {i]% mL ® C)) o f?£ 0i0L 

= H(C, (X®ev) o (X®L®ev®C) o (e£® L ® Lg)C ® C) o (r/£ 0i$5i ®C®C) o (X ® L ® L ® T c )) o f?x®L®L 

= H(C, (X®ev) o (X®L®ev®C) o (X®L®L®Tc)) orj^ i8i 

= H(C, (X ® ev) o(I®A L « C)) o r/£ 0L ® L 

= H(C, X ® ev) o r/^ 0L o (X ® A L ) = ( x oA x 

(i)/3. Suppose that C : Mnd(L) — > Mnd'(C) is a Lie monad morphism. The adjunction property 
Hom(X<g>L<g>C, X) ~ Hom(X<g>L, H(C,X)) now allows us to define ev = ef o (Q ® C) . Then, 
by the computations of the first part of the proof, we find from Yx (C * C)x = Cx Ax that 

H(C, (X ® ev)o(X ® L ® ev ® C)o(X ® L ® L ® T C ))°Vx®L®L = H (<?> (X®ev)o(X®A L ®C))or ?x i ^ I; 
and therefore 

(29) (X ® ev) o (X ® L ® ev ® C) o (X ® L ® L ® T c ) = (X ® ev) o (X ® Aj, ® C) 

To see this, put I the left-hand side of (|29|) and r the right-hand side, then tensor Z and r on 
the right-hand side with the identity morphism on C, and compose both sides with e x . We 
then obtain 

e c x o (H(C,/) ® C) o {rj^ 9LaL ® C) = e£ o (H(C,r) ® C) o (r?^ i0i <8> C), 
which is equivalent to 

^ e X®L®L®C 7 ?X®L®L ® C = r e X®L®L®C ° Vx®L®L ® 

which implies (|29l) . If we then take X = I in (1291) . we obtain Similarly, 7x (C * Ox = 

(C*C)xo\ x implies ([25]). 

(i). We still have to check that both constructions above are mutual inverses. So let ev be the 
evaluation map of a given Michaelis pair (L, C, ev) and denote ev' = j3 o a(ev), then we find 

ev' = ef o (H(C, ev) ® C) o (jf L ® C) 
= ev o o (jyf g> C) = ev 

The other way around, suppose that I is a regular generator. Given a Lie monad morphism 
C, we denote (' = a o /3(C), such that 

Cx = H(C,X®(e? o^^C^o^ 
= H(C,X®ef)o V % H{CJ) o(X®Ci) 

Hence, clearly C'i = Ci- On the other hand, 

Cx = H(C, e£) o o Cx = H(C, e x ) o H(C, Cx ® L) ° ^ 0L , 

therefore, Cx = Cx ^ an ^ om y ^ e x (Cx ® C) = (X (g> ej) o (X (g> Ci" ® C)- Denote these natural 
transformations by ax and rx respectively. As / is a regular generator, we can construct for 
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any object X a coequalizer (X,q) starting from a suitable fork z4 I^ K \ This way we 
obtain a diagram 



l(J) 



4 J) 



/( J ) ® L ® C : 



® L ® C ■ 



AT®L® C 



In this diagram both lines are coequalizers (the lower line because C is a closed category, 
hence functor of the form — ® Y" have a right adjoint and therefore preserve colimits). By the 
naturality of a and r, the diagram commutes serially (i.e. it commutes if we only consider the 
arrows with r and it commutes if we only consider arrows with a) and since aj = 77 we then 
find by the universal property of the coequalizer that tx = ox- 

(ii). Is proven in the same way. □ 
Proposition 5.3. Let (L, C, ev) be a Michaelis pair. Then there is a functor 

F : LieCoMod(C) -> LieMod(L), 
from the category of left C-Lie comodules to the category of left L-Lie modules. 
Proof. Let (X, 5 X ) be a left C-Lie comodule. Then we define a left Lie-action gx on X by 

L®S X v cv(giX 



gx : L®X 



L® C® A" 



I®X^X 



Let us check that this is indeed a Lie module. We compute 



qx°{L®qx) = (ev ® X) o (L ® 6 



X\ 



o (L ® ev ® X) o (L ® L ® <5 



= (ev <8) X) o (L ® ev ® C ® X) o (L ® L ® C ® 5 X ) o (L ® L ® 5 A ) 



and 



(L ® (A ® X) = (ev ® X) o (L ® 5 X ) o (L ® ev ® X) o (L ® L ® <5 A ) o (A ® X) 



= (ev ® AT) o (L ® ev ® C ® X) o (A ® C ® C ® A") o (L ® L ® C ® <5 ) o (L ® L ® <5 ) 
= (ev ® X) o (L ® ev ® C ® X) o (L ® L ® 7 ® X) o (L ® L ® C ® <5 X ) o (L ® L ® <5 X ) 

Similarly, we find 

»o(A®I) = (ev®X) o (L®5 X ) o (A®X) 

= (ev ® A") o (A ® C ® A") o (L ® L ® 8 X ) 

= (ev ® X) o (L ® ev ® C ® X) o (L ® L ® T ® X) o (L ® L ® 5 X ) 



Combining these equalities, we find 

qx°{L® Qx) - Qx°{L®> gx) (A ® A") - g x ° (A ® A") 
= (ev ® X) o (L ® ev ® C ® X) o (L ® L ® 7 ® X) 

o^L ® L ® ((C ® <5 X ) - ((7 ® X) o (C ® 5 X )) - (T ® AT))^ o (L ® L ® 5 X ) = 

where we used the Jacobi identity of the C-Lie comodule X in the last equality. Hence we 
can define F(X, 5 X ) = (X,gx). Furthermore, one easily checks that F is well-defined on 
morphisms. □ 
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5.2. Strong Michaelis pairs. 

Proposition 5.4. Let (L, C, ev, coev) be an adjoint pair in C. Then L is a YB-Lie algebra if 
and only if C is a YB-Lie coalgebra, and in this case (L, C, ev) is a Michaelis pair, which we 
call an elementary Michaelis pair. 

Proof If (L, A, A) is a YB-Lie algebra, then we define a YB-Lie coalgebra structure (C, 7, T) 
by putting 

7 = C ® C ® (ev o (L ® ev ® C)) o (C ® C ® A C ® C) o ((C ® coev ® L) o coev) ® C ® C 
and 

T = (C ® C ® ev) o (C ® C ® A ® C) o (((C ® coev ® L) o coev) ® C) 
To prove that (C, 7, T) is indeed a YB-Lie coalgebra, let us first check the antisymmetry. One 
verifies that 

70T = (C ® C ® ev) o (C ® C ® (A o A) ® C) o (((C ® coev ® L) o coev) ® C) 

= -{C ® C ® ev) o (C ® C ® A ® C) o (((C ® coev ® L) o coev) ® C) = -T. 

Here the second equality follows by the antisymmetry of the YB-Lie algebra L, and the first 
equality follows from the commutatitivity of the diagram below. In this diagram, all squares 
commute by naturality of the tensor product. The two triangles commute by the adjunction 
property. To make the diagram fit on this page, we have omitted to write the tensorproduct 
(i.e. XY = X ® Y and X 2 = X ® X for any object X and Y). 

x 



C 



coevC 



C 'coev LC 



C 2 XC 



coevC 



CLC 



CcoevLC 



C 2 L 2 C 



C 2 AC 



C 2 LC 



C 2 ev 



C 2 



coevCLC 



coevC 2 L 2 C 



cocvC 2 LC 



coevC 2 



CLC CLcocvC ^ CLCLC CLCcoevLC ^ CLC 2 L?C CLc2 ^ c ^ CLC 2 LC CLc2ev > Qj^fj^ 



CcoevLCLC 



CcoevLC 2 L 2 C 



CcoevLC 2 LC 

2 r 2 n 2 



q2j2q C 2 L 2 coevQ qIj^qj^q C 11 L SCcoevLC ' C 2 L 2 C 2 KC ? Q^l^Q^]_,(J C L 



CcoevLC 2 

-2f2 c 2 ev 



C 2 L 2 C 



C 2 \CLC 



C 2 \C 2 L 2 C 



C 2 \C 2 LC 



C 2 \C 2 



C 2 L 2 C c2lj2coevC c 2 L 2 CLC c2lj2CcoewL P c 2 L 2 C 2 L 2 C c2lj2c2Ac y C 2 L 2 C 2 LC 



C 2 L 2 C 2 ev 




C 2 LcvLC 



C 2 LevCL 2 C 



C 2 L 2 C 



C 2 LcoevLC 



C 2 LCL 2 C 



C 2 LevCLC 
C 2 LCAC 



C 2 L 2 C 
C 2 LevC 




C 2 LCLC 



C 2 evLC 



C 2 AC 



C 2 LC 



C 2 LCev 



C 2 ev 



C 2 LC 




By similar computations, one proves that 7 is a YB-operator of order two, and T satisfies the 
Jacobi identity. Finally, it easily follows that (L, C, ev) is a Michaelis pair, let us just check 
(f24"|) . Putting ev 2 = ev o (L ® ev ® C) and coev 2 = (C ® coev ® L) o coev, we find 



ev 2 o (L ® L ® T) 



ev 



o ( L ® L ® ((C ® C ® ev) o (C ® C ® A ® C) q (coev 2 ® C)) 



= ev o (A ® C) o (ev 2 ®L®L®C)o(L®L® coev 2 ® C) = ev o (A ® C) 

Conversely, if C is a YB-Lie coalgebra, then it follows by identical computations that L is a 
Lie algebra and (L, C, ev) is again a Michaelis pair. □ 

Definition 5.5. A Michaelis pair is called strong, if it is isomorphic to an elementary Michaelis 
pair in the category Mich . 
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The next proposition characterizes strong Michaelis pairs. 

Proposition 5.6. There is a bijective correspondence between: 

(i) Strong Michaelis pairs (L,C,ev); 

(ii) YB-Lie algebras L such that L is a right rigid object in C; 
(Hi) YB-Lie coalgebras C such that C is a left rigid object in C; 

(iv) Michaelis pairs (L,C, ev) such that the associated Lie monad morphism Q = a(ev) (see 
Proposition 1 5. £]) is an isomorphism; 

(v) Michaelis pairs (L,C,ev) such that the associated Lie comonad morphism = o/(ev) 
(see Proposition 1 5. $\) is an isomorphism. 

Proof, (ii) => (i). Consider the right dual C = L* of L. This object is defined up to isomor- 
phism in C, and by Proposition 15.41 we can endow C with the structure of a YB-Lie coalgebra 
such that (L,C, ev) is a Michaelis pair. Similarly, one proves (in) (i), and the converses 
are trivial. 

(i) =4* (iv). Let us prove that £x = (^x ® L) C~KC, X) ® coev) is an inverse for Qx- 



tx°(x = (4®L)o(H(C,X)®coev)oH(C,X®ev)or& 5sX 

= (e x ® L) o H(C, X ® ev) ® C ® L o (H(C, X ® L ® C) ® coev) o ^ L 

= (X ® ev ® L) o (ex®L®C ® L) o (??x®L ®C , ®£)°(X®L® coev) 

= (X ® ev ® L) o (X ® L ® coev) = X ® L 

Cx°6f = H(C,X®ev)or ? ^ L o( e ^®L)o(H(C,X)®coev) 

= H(C, X ® ev) o H(C, e£ ® L ® C) o ^ (CjX)0C0L o (H(C, X) ® coev) 

= H(C, e£) o H(C, H(C,X) ® C ® ev) o H(C, H(C, X) ® coev ® C) o 77^ (XjX) 

= H(C,e£)o^ (XiX) = H(C,X) 

where we used the expression for £x from (|27p . 

(zv) => (i). We define coev = £^ o rjf. Then we find 

(C ® ev) o (coev ® C) = (C ® ev) o (coev ® C) o r/g o (r/f ® C) 

= r)c° (H(C, C ® ev) ® C) o (H(C, coev ® C) ® C) o (r?f ® C) 
= r?g o (H(C, C ® ev) ® C) o (H(C, C^ 1 ® C) ® C) o (H(C, r?f ® C) ® C) o (r?f ® C) 
= r?g o (H(C, C ® ev) ® C) o (H(C, Q^ 1 ® C) ® C) o (7/ H(c ,c) ® C) o (rjf ® C) 
= r?g o (H(C, C ® ev) ® C) o (n^ L ® C) o (C^ 1 ® C) o (r?f ® C) 
= »7c ° (Cc ® C) o (C^ 1 ® C) o (r/f ® C) = C 
A similar computation shows that (ev ® L) o (L ® coev) = L. 

(i) 4$ (v) is similar to (i) 44> (iv). □ 
Proposition 5.7. Let (L, C, ev) 6e a strong Michaelis pair. Then the functor 

F : LieCoMod(C) -> LieMod(L) 

/rom Proposition 15.31 is an equivalence of categories. 

Proof. We define a functor G : LieMod(L) — > LieCoMod(C) as follows. Take any left L-lie 
module (X, Qx)- Then we define a C-Lie coaction 5 X on C by 



6 



■x 



X 



coev(&X 



C®L®X 



c®ex 



C®X . 
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One proves similarly as in Proposition 15.31 that G is well-defined. 

Next, we observe that FG(X, qx) = (X, gx). Indeed, if we denote FG(X, qx) = (X, g' x ) then 

Qx = (ev <g> Y) o (L <g> C <g> qx) ° (L® coev ® X) 
= qx ° (ev (2> L ® X) o (L <gi coev ® X) = £x 

Similarly, GF(Y,5 X ) ^ (Y,5 X ) and (F, G) is an equivalence of categories. □ 

From Proposition 15.41 and Proposition 15.71 we now immediately have the following result, 
which is the "Lie version" of the classical analogous result for usual monads (see e.g. [6]). 

Corollary 5.8. Let (L, R) be an adjoint pair of additive endofunctors on an additive category 
A. Then L is a Lie monad if and only if R is a Lie comonad, and in this situation the 
Eilenberg-Moore categories are equivalent. 

Remark 5.9. It is an interesting question to ask whether the above study of strong dualities be- 
tween Lie algebras and Lie coalgebras can be generalized to a more general setting, introducing 
"rationality" for Lie coalgebras and considering non-degenerate evaluation morphisms. 

Example 5.10 (Finite dimensional Lie algebras). If L is a finite dimensional /c-Lie algebra, 
then L is a (left and right) rigid object in the symmetric monoidal category of vector spaces. 
Hence C = L*, the vectorspace dual of L is a Lie coalgebra, as we already remarked in 
Example I3.3l |4"j). and (L,C, ev) is a strong Michaelis pair, where ev is the usual evaluation 
map. In this situation coev is given by the dual basis. 

Example 5.11 (Infinite dimensional Lie algebras). If L is an infinite dimensional /c-Lie alge- 
bra, then L is no longer a rigid object in Vect(&;). However, we can still consider the associated 
Lie monad — <g> L, as a YB-Lie algebra in the monoidal category of endofunctors on \/ect(k). 
As the functor — (g) L has a right adjoint Horrifc(L, — ), the functor — ® L is right rigid in the 
category of endofunctors. Hence Proposition 15.61 applies and we find that Horrifc(L, — ) is a Lie 
comonad and (— <g> L, Horrifc(L, — )) is a strong Michaelis pair in the category of endofunctors. 
Consequently, by Corollary 15.81 the category of representations of the Lie algebra L is equiv- 
alent with the category of Lie comodules over the Lie comonad Hom^^L, — ). This infinite 
dimensional example motivates the transition to Lie monads and Lie comonads (hence also 
YB-Lie algebras, as the category of endofunctors is no longer symmetric). 



6. Dualities between Lie algebras and Hopf algebras 

6.1. YB-Lie algebra of primitive elements. In this section, C is an additive, monoidal 
category in which equalizers and coequalizers are preserved by functors of the form — <g> X 
and X ® — , for any object X in C. For the remaining part of this section, we fix a braided 
bialgebra H in C, in the sense of [16]. More precisely, we consider a 6-tuple (H, fj,, rj, A, e, A) 
satisfying the following conditions: 

• (H, fi, rj) is an algebra in C; 

• (H, A, e) is a coalgebra in C; 

• A is a YB-operator of order two for H (this condition is more restrictive than the usual 
one of [IS]); 

• The morphism A is compatible with [i in the sense of (I15p . and in a similar way with 
i], A and e; 
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e : H — > 7 is an algebra morphism; 77 : / — > if is a coalgebra morphism in C and the 
following diagram commutes: 



(30) 



H(gH 



H 



A®A 



■ H (g> H (g> H ® H 

H®A®H 

II Hg)H®H 

/1® A* 



H <g> H 



Definition 6.1. The primitive elements of H are defined as the equalizer (P(B),eq) in the 
following diagram 

P{H) ^ H A ; H(gH . 

r)®H+H®ri 



Let us search for a YB-operator (of order two) Ap(H) f° r P(H)- Such a morphism \p(H) '■ 
P(H) ® P(H) — >■ P(-fT) <8> -P(-ff) will be constructed out of the commutativity of the following 
diagrams: 



Hi 
Hi 



H 



A®A 



H 



A®A 



H®H( 
H (g H ( 



H(gH 



Hg>H 



H( 
Hi 



H 



H 



H®Hi 
H®H( 



H<gH 



H<gH 



where \ h ®h = {H<g>\ H <gH)o(\ H ®\ H )o(Htg>\ H <gH) and a = (rj®H+H<g)r))®(rjig)H+H®r)). 
Indeed, since (P(H)tgP(H), eq£>5eq) is again an equalizer in C, the commutativity of the above 
diagrams implies the existence of a unique morphism Xp(H) '■ P{H) <8> P(H) — > P(H) <g> P(H) 
such that 



(31) 



(eq <g> eq) o A p( h) = Ah o (eq <8) eq), 



by the universal property in the definition of equalizer. So, let us check that these two diagrams 
commute. We start with the diagram on the left: 

(H®\ H ®H)o (Ah <S> Ah) ° (H <g X H <8> H) o A <g A 
= (A <g H) <g> (H <g Ah) <8> (# A <g> A) o (Ah Ah) o (H <g X h ® H) 
= (A<g>H) ®(H <g> Ah) (Ah <g H) <g (A (g H <g H) 
= \ H o (H (g A) ® (A® H ® H) 

All of these three equalities use the fact that A is compatible with Ah- 

We now consider the diagram on the right hand side. Let us check that (r]®H® t]®H)o\h = 
Ah®h o (77 <g> # ® 77 <g) iT): 

(H ® \ H ® H) o (\ H ® \ H ) o (H (g \ H ® H) o (ri® H (gf]® H) 
= (H ® \ H ® H) o (\ H ® \ H ) o (rj (3 t] (3 H (3 H) 
= (H <g \ H <g H) o (r) ® r) <g H <g H) o \ H 
= (r) <g H <g r) <g H) o \ H 

All of these equalities use the compatibility of 77 with Ah • Similar computations are made for 
the other three components of a. 



Lemma 6.2. Xpm) ^ a YB-operator of order two for P(H). 
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Proof. We have, by the universal property of the equalizer, that 

(eq <g> eq) o Ap(H) o Ap(H) = Ah ° Xh ° (eq <8> eq) = eq <g> eq. 

In the second equality we use that Ah is of order two. Since eq <8> eq is a monomorphism in C, 
it follows that A P (h) o A p( h) = P(-ff) ® P(-ff). 
We also have that 

(eq ® eq ® eq) o (A p( h) ® P(H)) o (P(P) ® A P(jFf) ) o (A P(H) ® P(H)) 

= (X H ® F) o (P ® Ah) o (A ff ® JET) o (eq ® eq ® eq) 

= (If ® A//) o (Ah ® P) o (P <g> X H ) ° (eq ® eq <g> eq) 

= (eq ® eq ® eq) o (P(P) ® A p( h)) o (A p( h) ® P(R)) o (P(P) ® A P(H) ) 

In the first and third equality we use the universal property, whereas in the second one, we 
use the fact that X(H) is a YB-operator for P. Since eq ® eq ® eq is also a monomorphism, 
we find that A P (h) is a YB-operator as well. □ 

A braided Hopf algebra P in C is in particular a YB-algebra in C. Hence, applying the functor 
C : YBAIg(C) -> YBLieAlg(C) of Construction I27TH1 it follows that Ah = H ° (H <g> H - X H ) 
determines a YB-Lie algebra structure on H. 

We now wish to construct a Lie-bracket A P (#) for P(H), inherited from the bracket Ah we 
have for H. This is done very similarly to the construction of Ap(H), as described above; by 
universal property-arguments and using the compatibilty conditions of H, together with (|30p . 
one verifies the existence of a unique morphism Ap(#) : P(H) ® P(H) — > P(H) such that 

(32) eqoAp(H) = Ah ° (eq <g> eq). 

Moreover, using the fact that Ah is a Lie-bracket for H and keeping in mind that eq ® eq 
and eq ® eq ® eq are both monomorphisms, one shows, in a similar fashion as before, that the 
conditions flSJ), © and (fTUj) are satisfied for Ap(H)- 

Analogeously, we can consider (Q(H), coeq), the "indecomposables" of P, to be the coequal- 
izer in the following diagram in C: 

A* coeq „ , 

H®H I H — ^ Q(H) . 

Summarizing, we have the following 

Proposition 6.3. Let H be a braided bialgebra in C, then 

(i) (P(H), Ap(H)j Ap(H)) * s a YB-Lie algebra in C and eq : P(H) — > C(H) is a YB-Lie 
algebra morphism; 

(ii) (Q(H),"fQfm^Q(H)) i s a YB-Lie coalgebra in C and coeq : Q(H) — > C C (H) is a YB-Lie 
coalgebra morphism. 

Proof. The first statement clearly follows from the discussion above. To see that the second 
statement holds, we need the existence of a YB-operator 7q(h) f° r Q(H) such that 

(33) 7 Q( h) o (coeq ® coeq) = (coeq ® coeq) o 7Q( p 
and a morphism Tq(h) '■ Q{H) — > Q(H) ® Q(H) such that 

(34) coeq ® coeq o Th = ^q(h) ° coeq, 

where Th = (H ®H — Ah,h) > the co-bracket for H. For these ingredients to exist and to 
satisfy the conditions of Definition 13. 11 it is sufficient to perform the construction of primitive 
elements P(— ) in the opposite category C op and remark that bialgebras are "selfdual" objects 
in a monoidal category, hence bialgebras in C op . □ 
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Remark 6.4. When C is the category of &-vectorspaces over a field k, the coequalizer (Q(H), coeq) 
coincides with Michaelis' original definition of Q(H), as we remarked in Example I3.3ti2l) . 

6.2. Takeuchi pairs. Let (H, /xh, Vh, Ah, en, Ah) and (A, fiR,VK, ^-K, £k, ^k) be two braided 
bialgebras in C. We adapt the definition of "dual pair of bialgebras" (cf. [8] e.g.) to the actual 
setting, embodied by the following definition: 

Definition 6.5. (1) (H, A, O) is called a Takeuchi pair in C if there exists a morphism in C 
O : H <g> A — > /, such that the following conditions hold: 

(a) Oo(H® r] K ) = e H ; 

(b) Oo( VH ®K) = e K ; 

(c) Oo( f i H (g ) K) = Oo(H(g)0®K)o(H®H® A K ); 

(d) Oo(H®Li K ) = Oo(H®0(g>K)o (A H ® A <g> A); 

(e) O o (if ® O ® A) o (Ah ® A ® A) = O o (P ® O ® A) o (if <g> P <g> X K ). 

(2) A morphism of Takeuchi pairs is a pair (<^>, ^) : (P, A, O) — > (P', X', <>'), where : P — > 
H' and ip : K ^ K' are morphisms of braided bialgebras such that 0' = Oo(^»®^). 

(3) Takeuchi pairs and their morphisms constitute a category that we denote by Tak(C). 

Lemma 6.6. Let (P, A, O) 6e a Takeuchi pair in C, then we have the following equality: 

O o (A H ®K) = Oq(H®0®K)o(H®H® T k ), 
where Tk = (K (g> A — Xk) o and Ah = £iff ° (H ® P — Ah)- 
Proof. We compute 

Oo{K H ® K) 

= O o ([j, H o (if ® if - A H ) <8) A")) = O o (/x H <g> A") o ((P ® H - X H ) ® A) 

= Oo(H ®0®K)o(H ®H ® A K ) o ((P ® P - X H ) ® A) 

= O o (P ® O ® A) o ((if <g> P - Ah) ®K®K)a(H®H® A k ) 

= Oo(P®0®A)o(P®P<gj(A®A- X K )) o (if (g> if ® A x ) 

= Oo(P®0®A)o(P®P® T K ) 

We used the third condition of Definition 16.51 in the third equality and the fifth condition of 
Definition l(L5] in the third one. □ 



Proposition 6.7. Let (P, A, O) be a Takeuchi pair in C, then (P(P), Q(K),ev) is a Michaelis 
pair. Moreover, we obtain a functor 

V : Tak(C) -> Mich (C), P(P, A, O) = (P(P), Q(A), ev) 

Proof. In order to make our notation not too heavy, let us put P = P(H) and Q = Q{K) 
in what follows. Let us first look for a suitable morphism ev : P ® Q — > i. We know that 
(Q, coeq^) is a coequalizer, and as coequalizers are preserved by tensoring in C, (P ® Q, P ® 
coeq^) is a coequalizer as well. 



Therefore, if O o (eq H ® A) : P ® A — >• 7 coequalizes the pair (P <g> fix , P ® ( A <g> + en ® A) ) , 
then the universal property induces a (unique) morphism ev : P ® Q — > I such that 

(35) ev o (P ® coeq) = O o (eq ® A) 
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We calculate: 

O o (eq K) o (P /i K ) = O o (P o (eq A A) 

= O o (iJ O A) o (Ap A A) o (eq A K) 

= O o (H (g> O (g> K) o ((rj H H + iJ r/p) A A) o (eq A A) 

= O o (# (A ep + ep A)) o (eq if A) 

= Oo(eq0A)o (P0(ep0 A + A0ep)), 

where we use the fourth condition of Definition 16.51 in the second equality, the definition of 
the equalizer (P, eq) in the third equality, and the second condition of Definition 16.51 in the 
fourth equality. 

We now have to prove that the two diagrams, occuring in Definition 15.11 commute. Let us 
start with the proof of the equality 

(36) ev o (P ev Q) o (P P 7Q ) = ev o (P ev Q) o (\ P Q Q) 

Applying (|33p in the first equality, (|35p in the second and sixth one, the fifth condition of 
Definition 16.51 in the fourth one and (|31 1) in the fifth equality, we find: 

ev o (P ev Q) o (P P 7Q ) o (P P coeq coeq) 
= ev o (P ev Q) o (P P coeq coeq) o (P P \ K ) 
= Oo(i^0O0K)o(eq0eq0K0K)o(P0P0A x ) 
= Oo(iJ0O0K)o(if0i^0Ax)°(eq0eq0K0K) 
= O o (H O K) o (Ajf K if) o (eq eq K K) 
= O o (H O iT) o (eq eq K K) o (A P if if) 
= ev o (P ev Q) o (P P coeq coeq) o (\ P if K ) 
= ev o (P ev Q) o (Ap 0if0if)o(P0P0 coeq coeq) 
As P P coeq coeq is an epimorphism in C, (|36|) holds. 

We now proceed with proving the commutativity of the other diagram. Using ([35 p in the 
second equality and the sixth one, (j32p in the third equality, Lemma 16.61 in the fourth one, 
and finally (|34p in the last equality, we calculate consequently: 

ev o (Ap Q) o (P P coeq) = ev o (P coeq) o (Ap K) 

= O o (eq K) o (Ap AT) = O o (Ap K) o (eq eq A) 

= Oo(ii0O0A)o(if0ii0 T^) o (eq eq A) 

= O o (ii O K) o (eq eq K A) o (P P T^) 

= ev o (P ev Q) o (P P coeq coeq) o (P P T K ) 

= ev o (P ev Q) o (P P Tq) o (P P coeq) 

As P P coeq is an epimorphism in C, the above is equivalent with the equality we were 
looking for. This establishes the result. □ 

Example 6.8. Let H be a Hopf fc-algebra over a field k, and H° its Sweedler dual. Denote by 
H' the opposite-co-opposite Hopf fc-algebra of H° . Then (H' , H, O) is a Takeuchi pair, where O 
is the usual evaluation map. Hence, we find that (P(iJ'), Q{H), ev) is a Michaelis pair, where 
ev is again the usual evaluation map. Michaelis [13] proved moreover that P{H°) = Q(H)*, 
i.e. this Michaelis pair is always strong. We generalize this result in a forthcoming paper. 

Given a braided Hopf algebra, recall from Section 12.31 that there exists an induction functor 
Ind : Mod(ii) — > LieMod(£(iI)). On the other hand, the YB-Lie algebra morphism eq : 
P{H) -> H induces a functor LieMod(£(P)) ->■ LieMod(P(P)). Therefore, we obtain a 
combined functor 

Mod(P) LieMod(P(ii)) 
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Dually, for another braided Hopf algebra K, we find a functor CoMod(lf) — > LieCoMod(Q(i ; r)). 
Therefore, given a Takeuchi pair (H, K, C>) we obtain the following diagram of functors between 
categories of left (Lie) (co) modules. 

(37) CoMod(iO Mod(i?) 

G' G 

LieCoMod(Q(K)) LieMod(P(i7)) 

Theorem 6.9. Let (L,K, O) be a Takeuchi pair, then the diagram of functors \37\ ) commutes. 
Proof. Consider a -fT-comodule (M, p M,K ). Then we have F(M, p M,K ) = (M, pm,h), where 

p M ,H :H®M — H®K®M * > M 

Next, we find GF(M, p M,K ) = G(M,p M , H ) = (M, Q M ,P(H)), with 

eq®M PM,H 

QM,P(H) ■ P( M ) ® M * H ®M : ^ M 

On the other hand, we obtain G'{M,p M > K ), where 

5 M,Q(K) . M pM ' K : K®M C ° eq ® M : Q(K)®M 
We continue and compute F'G'(M,p M > K ) = F'(M,5 M > Q ^) = (M,g' Mp{H) ) given by 

Qm,p(H) : p ( R ) ® M — ^ P{H) ® Q(# ) ® M ev0M > M 

Finally, to see that F'G" = GF it suffices to verify that g' M p , H -, = Qm,p(h), i- e - 
g' M P{H) = (ev ®M)o (P(H) ® coeq ® M) o (P(jf) (8) p M,A: ) 
= (O ® M) o(eq0if® M) o (P(iT) p M ' x ) 
= (O ® M) o (H ® p M ' K ) o (eq ® M) = q m ,p(h) 
This finishes the proof. □ 
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